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~ Abstract

Alodat, Tareq Taleb. A Generalized Multivariate Skew-Normal Distribution with B

Applicafion to Prediction. Master of Science Thesis, Depﬁrtmen’t of Statistics,

‘Yarmouk University, 2010 (Supervisor: Prof. Ziad Al Rawi).

In t_his__ the_éis, we generalize the multivariate skew-normai:d_istr.ibutit_)h.of Arnold and
Beaver (2002). Also we stﬁdy 1ts statist_ical pr_operties such as mqment—generati_ng _functidn
and élosﬁre uﬁdef.lﬁalfginal .and_COﬁ.cl.itioﬁél distribution_; \Md_reove.r',_ we show th_at.the new
disf:ributibn is closed under qonvollition with _mu_'l_t'i.variaté normal distribution.

The new distributioﬁ is used to déﬁne rand'o_m.- broééss called. the gen.e.rﬁlized;_ skcw
Gaussian process. We study two predi;:ﬁon p_robléms ﬁnd_er the generalizéd skew GauSéian |
p.roces.s.. For these t‘ﬁro predictidn pr_o_bi_ems; we de_riv’e.thé best linear hredict_or*s. Finally, :

we propose two al'g_orithms to generate random observations from the new distribution.

Kéyw_ords: Gaussian process for regress'ion; Ordihary kriging; Skew-_nbrm_al’ distribution.

' vl
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: Chapteri()ne' _'

~ Introduction

Until the last two decades, the multivariate normal distribution was one of the most

popular distributions in. modeling and analyzing various statistical data s_ets. This
popularity comes from its exciting properties such as symmetry, unimodality, closure

under convolution as well as marginal and conditional distributions. In various -

‘applications of statistics'. in environmental, financial and _bio_iogical problems, the coi_lected

' data after show skewness. In such cases, the practitioners try to use some transformations

on their data to achieve notmality and hence the normal distribution is used to analyze the

_ transformed data sets. Ti hese transforinations are not welcoined due to the following -

reasons: (1) It is not easy to ﬁnd a sultable tiansformatlon to achleve normality for several

multivariate data sets, (11) sSince, transformations are usuaily performed component—mse
(where normality of margmal's does not guarantee the joint normality), then_'the s_tatisucal '

probiem might be not invariant under these : transfo'nnations, which Ieads to_ biased '_

'estimates (iii) any transformation on the data will reduce the amount of infmmation m the' :

ongmal data unless the transfom'iation s a sufﬁ01ent statistic and (1v) despite of the

| dlfﬁculty in mterpretmg the transfonned data, the data skewness has its natural '

| mtexpretation and hence could not be 1gn01ed (Bucclanti and Pawllowsky Glahn, 2005).

Through the last two- decades, several skewed multivariate statistic__ai distribuﬁons have

been introduoed whic_h.possess properties that have a skewness_- parameter and coincide

* ‘with or close to the properties of the norrnai distribution (Gupta and Gonzalez-Fraias., et "

'1
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| al, 2003).. Azzalini (1985, 1986) was the first to open such new_-a_rea in mult_ivériaté_

| analysis. He started that area by introducing the univariate skew-normal distribution:

@) =_-2q0(x)¢(d#), X, 0 eR,

- where ¢(.) and ®(.) are respectively, the probability density fuhction__ (pdf) and the

cumulative distribution functi"on (CDF) of the univariate standard normal distribution. The

_' paramc_tér _d is calfed the skewness pairdrhéter. '(AZZaIi_ﬁi' and Dalla Valle, 1996) and
.(Azzalini a_'nd' Capitanio, 1999) extended the A_Zza_lihi distribution to the following.'

- multivariate version

) =20, (50, 0)8(@n), xaeR®  (11)
where qﬁn (x;0,L) is the n-dimensi_pnal_ pdf of multivariate. normal distribution with zero

mean vector and a covariance matrix X, while a’ stands for the transpose of & and R™ is

the n~dimensional Euclidean space.

Othel kmd of skcw—normal d1st11but10ns can be deﬁned via the idea of hldden truncation

(Amold and Beaver, 2002) To 1llusuate the 1dea of hldden truncatlon let Xp s Xn an_d U

be mdependent standard normal random varlables and Ao € IR AER™ Then the”_
condluonal dxstribuuon of X = (X, . n) g1ven that ?Lg + ]UX > U is called the h1dden :

truncatlon c[1str1but10n Wthh has the pdf

Fela) = -q?”—fb%-’)——zq»(ﬂou'x) .x.E. B (12)
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whele 60 = Ao/V1 + )J Puttmg a =0 in (1 Hord= 0 in (1. 2), we see that the fannly

' of normal distributions is a sub famdy of these skew—ncmlal famlhes A comprehenswe

survey about skew-normal dls_trlbutlon_s_ and thex_r applications can be found in Genton -

(2604&). |

B Despite of its_ simplicity and tractability, Gaussian models can lead t'c unrealistic estimates

_' when they are used to analyze skewed data. Such data sets arise m various sc1ent1ﬁc ﬁelds

where the observatmns are scattered in a subset cf the space. For example in

. oceanography, the sea surface elevatxcn departs from Gaussxamty and symmetry as the :

- depth of the water deereases or the sea severxty increases (Machado 2002) Hence non-

Gau331an d1str1but10ns are needed to capture the skewncss as’ well as the non- Gau551an1ty 3

in the data. MoreOVer if the data are measured W1th tlme or at a set of pomts scattered in

the space then non-Gau331an randcm processes or fi elds are needed to capture their

_ _skewness and the non—Gauss1an1ty

In the statistic'al' literature, two important statistical ‘techniques are used to study the B

prediC'ticn_ problem fcr such  data: the ordinary kriging " and the Gaussian process fcr

.'1egressu)n (see Cressie, 1993; Rasmussen 1996) Based on these two techmques data

points are assumed to be corre]ated and fc]low a Ganssmn random process. Once the
skewness is present in the data, then it should be a lim1tat1cn cf these two p1ed1ct10n'

problems Recently, some skewed Gausslan p1ocesses and ﬁelds have been 1ntrcduced to

_ analyze skewed data (K1m and Malhck 2004 Alcdat and Aludaat 2006 Allard and

__ Naveau 2007 Zhang and El Sharaaw1 2009 Alcdat and Al Rawwash 2009) Allard and .
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Naveau (2007) have used the multwauate closed skew-normal d1str1but10n of Dormngues
et al (?_003) to deﬁne the so called closed skew-normal 1andom field. The closed skew-

normal random field is not suitable to generahze the Gauss1an process for regresswn, smce_

~ the dimension of the closed skew-normal distribution grows up as the sample size

increases. This leads to a computations complexity. On the other hand, several skew

* Gaussian processes bave been introduced in the literatures, but all of them have some -

limitations due to loss of closure under both convolution and condjtioning (Zhang and Bl-

Shareaw1 2009 Aledat and Aluclaat 2006 Alodat and Al- Rawwash 2009) Hence these

llmltatlons d0 not allow us to extend the two predlcuon problems that we have ment:oned |

- in this introduction.

Taking these points in consideration, we are going, in this thesis, to extend the multivariate

Skew_mornlal distribution of Arnold and Beaver (2002) to make it amenable for extending:_

the above two spatial prediction problems. Moreover, we use it to define a skew rand'om_'

process called the generahzed skew Gausman plocess Also we propose two algorlthrns to

smulate data ﬁem the propesed dlstrlbutwn

The re.st of this thesis is organized as folldws. In Chapter.z, we introduce the reader to two

.sp'atial predicﬁon preblems fhe 'ordinary i{riging and: the Gaussian process for regression
In Chapter 3, we extend the dlstrlbutlon of Arnold and Beaver (2002) to the multzvm1ate _
' '_ : ._generahaed skew nelmal dlstl 1butlen Also, we derwe its moments, covariance matrix and |
_ mement_—gcneratton functlon,_ we -the snow that 1t _1s closed under e_onvolut_lon_ with the"_

. multiva‘riate Gaussian dis_tributjon'. In Chapter 4, the notion of generaliz_ed skew Gaussian :
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process is introduced and the best linear unbiased predictor for an observation at non

_sampled location is deriv_ed. An alternative to Gaussian process for régression,_ called the

_generalized ske_w Gaussian prOéess for regression, is also infroduced in Chap_ter_ 5. Finally,

we state our conclusions and future work in Chapter 6.
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Chapter Two - |
Random Processes and Spatial Prediction
In this chapter, we inti-od'ﬁce__thé reader to two spatial pfedictions namely, the ordinary

kriging and the Gaussian process for regression. For more information about these two

techniques see Cressie (1993) and Rasmussen (1996).

2.1 - Random Processes o

We may define the random process as a collection of random val;iables {Y(t)': tebc

'R%} together with a collection of measures or distribution functions of the form F,, . on-

- B(RD), forty; ... ,t, ER% n=1,2,3,..

Fry ity tn (B) = PU(Y (£, ..., Y (£,))" € B),
for every Bdrel o —field, B € R‘?'._'T.he coll_ectibn of all such ﬁiéasures Qr, _equi{}aiently, t_he
cox_‘resﬁbnding- distribﬁtibn ﬁznétion is known as the famiiy 6f finite dimensiqnal |
distributions for 'the_.ﬁeld_ Y (o). Foragiven w € Q,‘{Y'.(t,.w): teD}is é deterministic réal_..

valued function defined on RY, which is a realization of the field Y (£). Moreover, the set |

| {(t, Y(t)): t E_‘ Rd} is called the sarhple function or-'sample path of Y ()

-~ Definition 1. (Adler and Taylor, 2007) ‘The random process'.Y(t) 18 said to. be.strictly._

homogeneous or stationaty if for any k+ 1 points 7, %y, ... , & € R%, the following
condition on its finite dimensional distribution holds

PO() S Y Y(6) S 3i) = POt +2) <y, . n £) < 3

www.manaraa.com
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Def” mt;on 2 (Adler and Tay]or 2007) The random process Y(t) is said to be 1sotr0p10 if -

for any I points £y, ... tk € D thc followmg COIldIthI’l on 1ts ﬁmte dlmensmnal

distribution holds

P_I(Y_(fl) RN 4 (19 F- 3’2) P(Y(t1Q) < }’1, _ Y(th) = yz) VQE O(Rd) the set

of all orthogonal matrices on R%.

For every random process Y (L), we define two functions
1. Mean function |

 m@=E(Y@®))VeeD
2. Covarlance funct;on

R = E{(Y(s) - m(s))(Y(t) m(t))}VsteD o

" Definition 3. (Adler and Taylor, 2007) A 'I-eal—véluéd function 'Y(_t),- teDissaidtobea

Gaussian random process, if  for every k- points {&;, .., &) < D, ‘the  vector

(Y(tl), ...,Y(Itk))' has a multivariate Gaussian distribution, i.c., all finite dimensional

distributions are multivariate Gaussian.

A Gaussian random Process (GRP) with covariance function R(s,t) is stationary or

homogeﬁous, if its mean and covariance functions satisfy the following:

_m(t)=c vieDandc€R

and -

R(s,) =K(s— ) Vs,t€D,

.7-
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and it is lsotroplc if its eovauanee function depends only on the dlstance between s and t

as follows.
R(s, &)_ _.__..K(us} t") x}s, teD. | |
where .||; ) deﬁotes _the'Euelidean norm..
| i)eﬁnitien 4: (Adler and faylor,.2007) A Irat_idlom:procees Y(t) sat;l_sfying the eonditions_ : :
_'_a..'E(Y(t))::_;z, ‘o’..z”ED.anei' | | |
b Cov(Y(tl) Y(tz)) Jf{(v:1 —5), Vi, t2 €D.

is called seeond—order stationary and the ﬁmctxon K (.} is called cevanogram or

: (slatlonaly c_ovananee ﬁmctlon).

2.2 Ordinary Kriging

Tn various fields of science such as agriculture, geosta_tiétieé and ecelegy, prediction is an

- important result. Data sets arising in these fields could be treated as realizations of random
fields or processes. The ordinary Krig'ing method, which is given in Cressie (1993), can be
used to find the Best Linear Unbiased Pre_dietor (BLUP) under a certain conditilen. Thi_s:. '

method is described as follows.

In spatial data, a random pfoeess- .'Y(t) te D' is- observed at 'knOWn spatial
_Ioeations {tl-, n} c D, 1e Y(tl) Y(t ) and we . are mte1ested in- predlctmg the

value of Y(t) at & € D The BLUP depends only on the second- order ploperties of the :

www.manaraa.com
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process and no full distributional assumptions are made. We are given n observations and.
we wish to map the proceés'Y(t) within a region D. This predictor is available under:
i. - Model assumption: The process ¥ (£) is second order stationary with unknown

- mean 4,

Y@ =p+6t), LEDUER,

" where §(.) is a zero-mean, second order stationary process with covariance fanction”

C(h),h € R™. -
ii.  Predictor éssumption: The predictor P(Y; ty) is linear and satisfies

POY;to) = Sika L ¥ (2,

where Z?:l}“t_i = 1.The condition that the coefficients of the linear prédictor sum to 1

- guarantees uniform unbaisedness, i.e. |

_ E(P(Y;tn)):E _ZA;Y(Q) =Z}liE(Y(.ti).).=_-u. . |
. _ \i=t )= _' .

" An optimal ordering prcdictor:u'sual_ly refers to the squared-error loss, i.e., we need to

minimize the mean-squared prediction error . -

B | ag'(to) = E(Y(t'oj — P(Y; to))z,

- with respect to the predi.ctor coefficients. The ordinary kriging predi'ct(')r is given as

follows. If we denote .

www.manaraa.com
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15:0Jw41"yggqgaglmgeglaxufwg)_K is the nxn
| covzarialnc'e matrix of K = K(t; - t),-),_ and {' = (1.$25 -, Gn). Then the best linear -

 predictor (ordinary kriging predictor) is given by

Pt =Ty,
where |
= KkIGkm), m=ml,
and - .; Y |

1-1,K "k
TR,

~ The minimized mean-square prediction error is called the kriging varlance 63(t,), where |

Kk -1
_ﬁﬁgzkkﬂk—(aqru );
o At

~ Por more details see Cressie (1993).

2.3. Gaussian Proé_ess__fof Regression (GPR) |

In any regression problem, we are given a samplé S = [, ¥1)» oeer (X, ¥,)3 i Whic_h X

~ denotes the i™ observation of x and y; is the cotresponding target or response value: Then

a relation between x; and y; is given via

?i=_f(x0+'e'(x_i), .

10,
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where f is a ﬁm_etien which maps the input vector x; to the true target value f(x;). The
value f (xi)"is measured as y; and is corrupted by a noise €(x;). The Gaussian Process for
Regression (GPR) is a non—pararnetric model that assumes a Gaussian process prior of the

function £(x), L.e., for every set of inputs xy, ..., X,

F = (£, s ()Y ~Na 0. K),

where K is a covariance matrix whose ij®" element is given by a covariance function
K (xi,xj), also e(xj) is a White noise which is independent of f such that

| (e(xl) e(xn)) ~N (0, 'rzln) The mam objectwe in Gauss1an process for regressmn '

problem is to pred_let the_value of f (x) at a new_mput_ _say x*, , e, 1o predxct f(x") given _'

the data S and ™.

' O'Hagan (1978) Was the..ﬁr.st te' pfopose a Gaussian p'roeess prier.fo'r regfession..z.ﬁ.xﬂer the
: pubhcatlon of Neal (1995), the GPR became a popular non-parametric model In his Ph.D. -

' thGSIS Rasmussen (1996) showed that GPR can aehleve a good predlctlon pelformance

~O'Hagan has derl_ved the predlct_lve dl_strlbutxon_ of fr=fx") given X and .S'. I

P(f *]xf*, S) denotes the predictive distribution of £* given_ x* and S, then

Ol ,S) <N (k (x"‘)_.' (K+ '_r_zl'n)‘.1 v K '(x_*,.x"”_)' ~ Re(x")' (K -+ rz.ln)”-ik(x*)),

where k(x") =_(K(x1,x )y er K (i, X ) ¥ = s Yn)' and K= (K(xi,xj))ij:l'.
" The mean E (Fix, ) serves as an estimate of  the output ﬁn_iction £(x) with an -

- uncertainty o(x”), where .

11
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E(f*x, Sj : R(x")' (K + Tz_IﬁI)_iy,
_ahd
o) = KO )~ KA TG,
The coﬁériénce function K(.,.) has té be choéen m such a way -thét.i.t-reﬂects fhe .pi'i.qr*

information about the pfoblem. For high~dimeﬁsional problems, the Gaussian covariance

function is the most widely used one. The Gaussian covariance function is given by

K(xl,x}) =p exp( Z ”xzk h xjk" ), |

w_here p% and hk"s: are called the hype_r parameters. In some prediction problem, Gaussian

process cannot'captilre the asymmetry in the data (Zhang, H. and EIQShal'aawi, 2009). .

1
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Chapter Three
" Generalized _Mﬁltiva_riate Skew- Normal Distribution

In this chapter, we use the idea of hidden truncation to genefalize the multivatiate skew _
normal dlstrlbutlon of Arnold and Beaver (2002) Moreover we study some propertles of

that dlstrlbutlon such as, moment generatmg funotlon mean, covariance matrlx closure

-under mar gmal and conchtlonal dlstubutlons

3.1 Generalization- of Maultivariate Skew- Normal Distribution

To illustrate the hidden truncauon let (X', X,,H.l)’ (Xl,Xz,...' Xn,XnH)' have an |

' '(n + 1) dimensional multlvarlate normal dlstrlbutlon W1th mean vector 0 ((n + 1) X 1)

and a positive deﬁnite_covariance matrix A ((?"1 +1) % (n+ 1)). Let A4 denote the event

{Ao + AX > X, }, where 1, € R and_}],:(,‘[l’zz n)"G]Rn If A. ( nxn 'ani)’

2

where ¥ be an 7 X 1 real vector and g2 > 0, then the conditional distributl_on of X given

~ the event A is said to have an n —dimensional generalized skew-normal distribution

 (GSN), denoted by X]A~GSNL(1,, 02, 4,7, ). Hence
_ wa by n \Ag _

0, (%; o,m@(&o + (N — y'z-1)x> 61

| f(x]A) : ¢)(6o) | \/?_‘ y,z_ly

where 8o = = 1, /% =24y + AEA, 9,(x;0, E) is the n —dimensional mult1var1ate

'- 'normal den31ty functlon w1th mean vector 0 and covariance matrix X. Thls density can be
: 'derwed as follows From’ multlvarlate normal theory, we have the followmg two facts:

L (Xn+1lX x)~ N(Y’Z_ x,0% '_E P,

13
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2 P(AIX x) qb(

Ao+ A'x —y'E" x) s (,10 + (A — y'ri)x)'

\/_-—y’_z_l—y_ m

The probf is straightforward from the following results:

o L X AR
L X = ()~ N0, B).
. o SN n+1 . _

- Since
Xy — XX = (2 1)( )
: _ n+1
. then |
E(Xnp1 — AX) = E(Xnyp) = VE(X) = 0
and | |
'-Va:.r"(XnH A'X) 5 Var (( L 1)( ))
: n+1 .
_w(—a 1)(1, e )( 1.),
% (AT +y Ay + 0.2) (_A) '
= ALA-227 + o2

So we have

Hopa = X X~N(0 ATA- 20y +0 )

' Usmg the facts 1, 2 and the Bayes' rule, we get

| P(Alx)%(x 0,%)
- f_(x'A) PO+ AX > Xnp)

' _ g1 o
@(’10 +Ax—y2 x)%(x;oiz)

JoZ -y Ely B
Py —AX <o)
EVIN
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___ ax0D ¢(Ab'+(ﬂ’-;y"z—1)x) -
db( Ay ) Jor—yEty
\//1'2)]. Z)ly_]_ ) .

ie,

f( IA)

(0,3 (/10+(l' yz-ox) .
#(o) \/0'2—-]!’2 iy )

A partlculat case of this dens1ty was obtamed by Arnold and Beaver (2002) for ch01ces -'

= 1 y= 0 andE =l Moreover 1hls den31ty 1s reduced to the densﬂ:y that was

. derlved by Azzalml and Dalla Valle (1996) and Azzahm and Capttamo (1999) for -

g% = 1 AD = 0 andy = 0. For A 0 a.ndy 0, this densny is reduced to the well :

| known multtvat 1ate normal dIStlIbutIOIl

_ 32 Location —Seale Generalized Skew- Normal Distﬁbut’ion

A moré general form of the generalized n —skew normal distribution is obtained by

- introducing a location parameter p and a scale parameter Q in model (3.1). Here pis

nxi real vector and & is n X n symmetric and positive deﬁnite matrix. Since Q is a )

symmetrie ar’id poSitive deﬁnite matrix, it has a unique positive deﬁnite square root matrix -

that we will denote by .Qz To 111ustrate the location-scale d1str1but1on, we prove the'_

_followmg theorem

-Theore_m 3.2.1. Let X~GS‘N,}(}[0, o2,1,7,Z), and define ¥ = p + Q=X then

)= Pn (y, t szﬂz) o lot @ —yE D02y
’ R N Cie - S

- 15
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)=

 Proof. Since Y = p + _IﬁX, then X = 'QH%(Y ~ ) and the jacobian of this i:ran_SformatiOn _.

isl) = 1017 So ¥ has the pdf fy (9D, a5

. 17: L1 1 v - 1 |
o |

: i1 —
QryZo(S,)[E1210)2 N\ VeterEtr

!

exp\—5(y—m) (1_222122

) (_y—' ﬂ)) é Ao + (= yEQZ(y— 1) \ :
GoseGpizar  \ . Je-rEw )

rens) 1
P (y: 1, 92292) Ao+ (X~ yE7HQ72(y — p)

P .
@(60) ) }0-2 = ryfzé-ly -

 We use the notation Y~GSN? (.u,.QEE.QE, Ao,crz__,)l, Y, E) to mean that Y follows the .

~ location-scale generalized n —skew normal distribution. <
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33 | Marginal énd_Conditional Distributions of GSN

~ In this secﬁon, we derive the marginal éx_jd' cdndiﬁbhal_ distribution of the GSN. The -
o foilowing theorem shows that the generalized skew normal 'family'_ is closed under ”

o marginal and conditional distributions. .

- Theorem 3.3.1. If X ~GS NY (A, 0%, 4,7, 5) and if we p"ar't_ition. X, 5%, yand A .as =

x=(y) xi=B= (B By = ) amda=(3)
27 n-m . B21 B22 n_m yz. n_m - 2 n—-m
where
Biy = (811 — 213233 55,) 7, By = ““_‘21_11.212(222 — InZIn'Zp) T

By, = —22_21_22_1'_(2'11' — 21225, Z5;) 7" and B, = (a2 — Yo B0 Tip)

' _'then

1. .XleGSNét (xo; az 2V Z11),
.\a}here | -
0"~ ¥V3Baa¥a + ¥y, 0% = o ViBy¥a - 2ViBia¥2 7. = Z11Buar,
i,, =1 +IE[1121.2/1"2"and A5 = A’z - y'lBiz; | | -
2. (X,1%y = x)~GSNZ_,, (gx;,zgéngz-, oy 02, l;,fz,M),

where
1

22

B n Lo i e siay vy
By, = I, M =32 432 A t=Tg (E_zz1 - (_22121_11212) H,

_ B = 1o + (43 - Y’:;Bzz)zz'iszx1i_ Ay = /‘10' +(f1’1_ ?5311 - ?532'1)9_5_1_: o

17 BT
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1 1

B

A5 :ﬂ; x2,and ¥, = 2,
Proof of 1. To simplify the calculations, let x5 = x; — %,,571x;, and write ?-%x'z“lx
as
1, 1 i o m o N
X rlx = “‘E(%Eu Xy + x1;Boa%12).
Also Ay + (A’ — 27 Hx can be written as

Do+ A —y'E™x = A5 + (A3 — v3B2)%s,

where
o =2+ (A1 —¥iBy — ¥2B2;)x; and 3;_' =4; - Y’1'B12'-
and
L X AN |
| |2{Z = |24112{255 — 220 571 2122,
Y 1. " _
=g, l2By 0z,
So
expl{—s5x1253%1 ) (a5 + (A3 — yiBy)x, | €XP _§x12322x12)
flx) = gz “2 P | S (&ﬂﬂz Az
LA O IT R JJ""Z — V3BV (2m) 2 8512
1 ? ~_-1  . . .. 1 r.
exp (H—lezu xl) exp ('— zxiszlez). .
= m .y nom 1
- @r)Ze(6p) 22 @r) 7By 2
Ao + (A — V5B Es Ity + (A3 — V’szz)xu' d.%:
’ . 12+

_ JU*Z - Y_szzz]"z

18
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S .

_ (i)
(ZTT) 2 ‘p(‘so)lzul

ho + (45" = ¥5Bp)Eg X1 %y

N JJ*Z—YéBzz?z

&

BIf

Substituting the value of Mg, then

e’

S
_ew (~§x1213x1

Ao+ (A — V1B11 - Y3 Byy (/12 ~ ¥3B22)Es B1i )xl
(ZH)7¢(50)|E11|

' JU* ;Yszz]’z'

b

M|

- More simplification, we get

1 | N
x}”( X1 Z13 x1) )4 (?Lo + (4, — y*El Dx, )

f(x1)* m _
DT e@)EE VI VELT.

- where

67 = .J*_z' —¥2Ba¥2 + ViE1l V. A = 23 + 255, 25 andy, = 2B, 74

- Proof of 2. The pdf of X ‘can be written as

— x!z—l + ! B . . .
2(”1. 11.x1. X2 227‘?12))(1)(/—[0 + (= y'E'l)x) |

| _ exp (
: f(xl) xz) = -
. o _\/0-2 __.yrz-—-ly .

@nEIEEe()

Hence

f(xz|x1) X exp (“E(xmBzzxuj) (AD b (A el 1)x).
o | J ot —yTly

To complete the proof rewrite }lo + (A y’Z 1)x as

o 19
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K : N : , ' . ; _ ;fl o
Jot W —yEDx =2+ )-n vE (L)
' P J' ’ . r . ' st x |
= Ay + ((111 2) — (V1B +73B2 ¥iBia + Yszz)) (xi)r :
’ 1 e VIR, ot X
= 2o+ (41 —ViByy —¥2B2y 2 —V1Bix — yszZ)"(x;)’ _
=%+ (4 — ¥1Byy — vaBa)x + (4 - YiBiz — ¥5B22)%,, B
= Ap + (A3 — ']’rzBéz)xzv
= j;*)"" (23— ¥2B22) (x, — 22121‘11961),.
where o |
1o = 45 + (A"~ ¥3Be2)Eaa il 2, A = Ao + (A = ¥iBys ~ ¥5B51) % and
’15‘ = - YiBlz-
Similarly, rewrite o - yEZ 1y as fol_lows: _
f::r2 —yEly = g% - (ﬂ. V5B (h)
| ' i 2 Y2/’
=0 =71Bu¥1 — 2¥1Bi2¥2 — ViBava

= g*? *“_'Yszzzl’zs

~where |

0" =0 ~ By — 2]’33121’2‘-
To complete, rewrite |Zfz as -
o Ez= |z11(zgz — XX E1_2)|2;

ENES
= |Z,1Z|B53 ]z .

 If weuse thé_matrices' identity

20
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o A
a2} o< exp (—“2‘(3"12322%23)@

Bz — B BiiEyp) 7 = X0 + 25 (%5 —:.(2212:1;11212)__1)_.12521 -

. then By, = (2,, — 22121'1'1:212.)"1 can be.wri'tt_en as

By =Nl 4 58 - (BB ) e,

= 21-2_21(_222 + (35} - .(22121-11212)_1.)_1)2521;

| 11 a1
=g AR = Ty Ly AT R Y
a1
=I::2:;121‘&“1‘!“222' .
" where .
EO o S
M= X3,AX%, and A7 = Lyt (:5'3:“ .(22_1“15'1_112:1'z)‘])_m:l
S0 |

. JoZ—yE-ly

1

(ﬁo @ - y"z"i)x) |

& Ao+ (A5 — ¥5Ba2)x, .'

. ch"‘z — 5Bz

A .
o exp (_‘é‘ (xlszszZ))

o . . | . _ ] | - : i _- .
3 o exp (—E ((XZ - 22121%x1) Bzz(xz - Elei%xl))) X o

A+ (A~ ViBo)x, |
. -'\/;‘2 —'YéBzz'Yz '

i ot A\
<ep| -3 Go—me)(shed,) Go-me) | )%

.¢..

21
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: _ o :
. 6 + (;i';.’ ‘}’22 ZM-‘lEzz) (xz ‘_ﬂ_xi) o
' o't —vy) (2§2M_E§2) Y2 ]
- {1 O N S
o] —5| G mm ) (ML) G- | )%
) . 1 . :
+ (3*' Y2X, ZM_l) (xz #xl) _
o 1 IR . SR ’ _
- 3’2 (Ez MEZ ) Y2 _

X exp 5 (xz —uxl)'(zgzmgz) _ (xz'—_#xl) X

713 + (j»;:' - ?EM—I)ZzzZ(xZ _ ,uxl)

et nmy

Finally, the co.nditi.onal' distribution function of X, given X, = X, i8
) Y 11
exp (xz “xl)r(zgzmzé ) (xz Jr'ljf1)

Flaglry) = ——— i %
o (2m) 27 P(5; )|M222|2 '

¢'%+ﬂ?—ﬁmﬂﬁ2@xw%)

_ \/5*2__'_.,-,'2_;_\4-1),-2{_ -

L

22
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where

- "
b = —
| J o** — 245 ¥, + A3 M43

Now, we are able to find the moment generating function by the following theorem

Theqrém 3.3.2. The moment generating function of X~GSN1(4,, 02, 4,7, X)is

N P e
> My(0) = exp (?‘t Et)qb(lo + A —y'E 1)zt) .te Rn
| - PG \Joz—2ay+azi)"

(3.2)
Proof: By the definition of the mgf, we have

R 1 }l + }J-Q ’2"1 3 '
: Mx(t):f — T exp (-——Z-x’f.‘lx)(b( o+ ( ?f = )x) exp(t'x)dx,
- 2nze(sy)|zl Ner-yEy T

~where the integration is taken over R™. If we set

et
- 2mze(sy)5

then

L [et@=yEOR 1
'Mx(t)-=Cf¢ o (4~ V2T exp(w—x’z‘lx-}-t’x)dx."'
| Jor ~y'Ely : /

: Appljfing the transformation x = y'—l—_ =t, we get
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()lo + (A .'y’X‘l) (_'y+ Et)) .><

| 'Mx(t) Cf o —y'Xly

C exp (—— 5 +ET I (y+Z0+E(y+ Et)) dy,

- Ao+ (A — ' E-DEE + (1 — p'5-1
:CJ‘@(O_( YEDIt+ (A —y )y)x
. "/a'z—-'y_’z_l’}/

exp (f—z—(y’E”l'-i- oy +Z)+t'(y+ Et)) dy,

| C (g + (A — Y EDRE A+ (A — 'L
=Cf¢(o( y'E 1) A~y )y)x
Jo? —y'Ely J

1 11 |
exp(—-my’z y ty——t)]y—l—ty-l- tEt)dy,
. . . . .
| —"Cexp( tEt)fexp(z y'E” 1y)

¢(A0+(/1' VI 1)Et+(»1‘ y'E" 1)y)
J02~y2 ly

’

5

.exp (1 & Et)f exp (w%y’x”ly) -

22 (50) 5z

s (AO + A~y T HEt+ (A - y'z-l)y) y
' S \/0'2 '—']/’2_1‘]/ o .
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1B =

' 6t _.@(50)

® (Ao'+' @ - y’z-l)zt)
| Jo?2 24y + A'EA iy
® (/‘10 + (A - yfz—i)m).
- \Jo2 =24y +A'ZA

_exp (31'2¢) .(Ao + (A -:y’z*1)zt)
¢ () Jo? =22y + A1)

We find the expectation and the covariance matrix by the following theorem.

' Theorem 3.3.3. If X~GSN}(Ao,02,4,7,%), then

0(8)  EZ(A-X"y)
P(00) Jo? — 2A'y + X'ZA

2. Cov(X) =% —h¥2

where.
(@) VL 500G\ ) e
= ((«/Eeb(c?o)) 30000 (50))()‘ PEHA-E)

and .

k=02-22y+AZA.

 Proof of 1. Taking the first derivative of My (t) with respect to & yields

oMy(®) 1 [ (,10+(Af--yfz-1)z:t)

oA
(Zb)ex (— t’Et_)] +
Jo?—aayraza) 2T

25
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o . A — ’zlz © A (A — oy
exp (—t'Et)( ( ) ) (p( o L ) - (3.3)
N2 Jo2 =22y + A'Z4 Jo? =24y +AEA)

Setting ¢ = 0 in (3.3) yields

» /10 N G’,'-_ ;-y,z__l)'zo . ) 1 .
= 0’
- (5) [qb ( Jo? - 2/1';; +A'23 ) Om)ew ( EO)] N

. (10 zo)( '(A’—' "2-1)2 ) (Ag+(a’—y'2‘1)20) o
P Jaz 2]['y+]£"2)l \yo2 -2y + 222 T

- (P'(\/az — 24"y + A% E@A =yt
2@ JoT -2y +AEA

- Since ¥ is a symmetric matrix, then

v (\/ o2 - 2"y + )JEA) A-zy)
®(8) - Jor =22y + 452

_E(X) -

- Finally, we gét )

‘9(50) 2A-X7y)
4”(60) Jo?2 — ZA’y + )Jzz

E(X)

. Proof of 2. The covariance matrix is given by

Cov() = EKX) ~ ECOECK),
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~ where -

O"My(t) |

- BRXX) = otot =0

vk

C [e+SH 1 1 1 e,
P : — S5t Zexp( tZt)+Etexp( t’Et) S'@f-

e )

- Fi_r_stly'wéneedto find E(XX"). Using (3.3)withS=Z(1?Z‘1y)5 we get |
My 1 [ 1 1 (AO—}-S't) 1\ (A +SE
: —Sex ( tZt) _ _(—S’) +
ot T oG | VBT kR TR

%+§?+
Vi /o

@ Ao+ S Stt'E .(1 t’Et)+Z | (1 t"'z:t)
7 ..exp Z VB exp | > )

- Hence

O L (B o(E)

= Since _60' == )'to / V&, then we get

8o0(5,)
B, 55"

| E(XX’) X —

‘To complété the‘pr'olof,.we use patt one of Theorem (3.3.3) to write

cp(ao)( I(A-2"1y) )
E(X) LG AW P 227y + A'2A
_ oGy P
VED(5p)
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- Therefore

' .;'__ -(P.(ao.) ] |
E(X.)f\/_——ic-——@(é_o)s.

- Henée .
- Cov(X) = E(XX") — EQDEXD,

50@(80) . 96 ‘P(SIIJ)I ‘

TR TR T Tretey) | Vi)
B 50@(69 AT AR
RN IO “( ) S5

VED(5)
Mor(-_:_ simpliﬁcatioln leads to
Cov(X) =X — 3%

- where-

- o) \*  509(62) - ,' I
h..((—-——&@(%))jnm(ao))u PEDG-EY).

K .The tﬁo results in Theorem (3.3.2) and_ Théorém (3.3.3) are éxténded' to the _location—sca]e_'-

- generalized skew-normal distribution.

R S . L |
Theorem 3.3.4. The mgf of Y~GSN? (,u, QzEQ7,1y,0%, 1,7, E) is

.- 28
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DA S D N
® exp (t U +—2~t sznzt) -% + (A — }/’Z'l)Zﬂ%t _
My () = - ,
A N

| | o o o
Proof: Since ¥ = pt -+ Q2X, where X~GSN}(y, 02, 2,7, %), then
- My(t) =E (exp(t’l’)) = exp(t*u)_Mx (.Qit). |

Since

Mg (8) = exp(gt?lt)q)(a o+ (X —y'LHEL\
R S CY) Jaz zz’yu.'m

then

: M (Qlt) exp (2 t szﬂz_t) /'[0 + (Af — ytz—l)zﬂ%t
-2\ Joer—22y+aEi |

~ Finally, we get

BT TR U SN - . -
ex?’(t”J“"imzmzf) do+ (A — pEDE03\
My (D) = - .
H0 P(%) Jaz 2WY+ AL

. o - 1. 1
Theorem 3.3.5: If Y ~GSNZ (1, 02502, 2,02, 4, , X), then

1 E(Y)

cb(ao) Z( - 51y)
e \Fz z;t’y + JI.’EA
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| . L
2. Cov(¥) = Q2(Z — hEDQZ

~ where hand k are as given in Theorem (3.3.3).

Proof of 1: Since ¥ = g + QzX, where X~GSN;; (1_10, 02,4,Y,%), then

50 =B (uran) = alscn,

- 19(8y) [ E(A—3Ey) |
=u+ﬂi(p( 0)( (A4—-27"y) ),
| P(80) \\Jo? — 22"y + 154/
s e(8y) [ QZZ(A—-Zy)

P(o)\ /o2 = 24"y + A'%A

- Proofof 2: Since Y = p + 92X, where X~GSN} (A4, 0%, 2,7, %), then -

| _ e . ,
Cov(Y)=Cov (pl + QEX) =02'Cov(X)Q2.
T - . 1 1
Since Qz was considered as a symmetric matrix, i.e. Oz’ = Qz, then
| 1 1
Cov(Y) = QzCov(X)Q2Z.
Using Theorem (3.3.3), we conclude

1 1
Cov(Y) = Q2(Z — hE2)02,

30
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. where

34  Eliiptical Distribution for the GSN

In this section, we introduce a new parameter &; which is derived from the skew-elliptical -

distributions where the generalized skeW-normal 'distribution is a particulai' case.

_ for the elhp‘ucal generahzed skew normal dismbutlon will be shown

1. | -

N Q2L(A -3 1y)
Q== :
No?—22'y +AEA

B then, the pdf of Ycan be written using as:

' -.1 1
where 0 = 2%z,
Proof. Using the 'déﬁnition of and. Write.it' as follows:

1.1/ 1 1y
QZX2 (zza—z‘iy) '
\/32_—2/1'](+)1’E}? o

o
If we set @ = £2h — 2"%/, then
o> — 20y + XEL = 08 + 67,

0n(y; 11, ©) & (60 + a0 (y— u)) |

: Moreovex we use that parameter to extcnd the result of Vemic (2006) some of pr opertlcs :

~ Theorem 3.4.1. Let Y~GSN7 (y, 02302, Ay, o%, Ay, E), if we define the parameter & as
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Hence

Squaring both sides yieids )

1 1 .1 1 .--.__-9’6. '
'(a’g"i}:“ﬁ) (z‘zﬂ zcz) = ey

- By association property of matrix multiplication, we get

1 1 g'e
AQIEI0 I =
' - 8’0+ 0"
So we have
| 1ot e
o(0mer) a=——s
N 0’9+

Multiplying both sides by 6'e+ 0*2_Yiélds

1 1

1 ._.1 1 . 131
o0 (W2207) a+oa (07202) a=0'0

32
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. ‘More simplification leads to

a*a (sz 2) a={l-a (Q’Z_EQE) o }6'0.
Finally we have

2 (L iyt
N oo (QZZQZ_) a.
0'0 = .

— (39
4 (I).EESE) o :

By noting that
A=X710"2a/0'0 + 0% +ZYy,

and substituting the Va_luc of 9 in (3.4) , we reach to th_e following value 'o.f /1

2 i, 1oyt
oo (IEZE.QZ) o
: o+ E‘ly_,_

o 1
- A=E1072a "7 + ;
- _ . e

1
1—a (Q’izsﬁ) o

ot

_—_:E_lﬂ_ia ' .' +E“1']’

3 i Lyt
1_—a*-(mmz) a

Now we write A, in term of &r. The equation

o o
0 Jo Ay aEd
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implies

'/10 == 60V 6"9 + G*z,

- Sowe have

- 1 _
E_._IQ_E“ 600-*

A=0"— o+ 7ty and Ay = —= e
1 181 . i . : 2_- 1 -1
o 1'—-0:’(!2529}2) o L4 ji—a (9229.2) L«
By substituting th_é values of 4 and A, in the term

Ao+ (A —y'E 102y — )

th'eh

To+ (X ~y'ENQ2y-p) 5 g N

'\/02'__)/’_2—1]’ | O'*: T 1_..1__1. _.
' T 1—-_05’(9529,‘5) o

' 1 T roq .
- F(z-ln‘im/e)'e +-a-*2) QE (y — 1),

34
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-1
50 +a (1122.(22) (y—w

‘li—a’(azm'z‘) «

- Now we wite the pdf of Y using the new parameterization, i.e., using & as:

- RO

exp (—%(ﬂ”%(y—ﬂ))'z"l(ﬂw%@ _ﬂ))) So | (gzmz)dl (); - )

= ——— —— @

?

) n _1_ : . e :_ -

e'xp( (y u)’ﬂ zz 19 z(y .u)) | 8 +a (ﬂ%m%)ﬂ_(y-_”) -
- o | — ' _

(Zﬂ)f‘ib@o)lz_m?: __ . e Jl —a (Qzﬁﬁz')_la :

ﬁ 11 _ . '
- IFQ2EQ07 = O, then we write fy () as follows:

exp (-*% (y — ﬂ)’@_l(}’ — ﬂ))(p (50-1- a’ﬁ“i(y —ﬂ)) |

RO = .n 0t @07G M),
7 @m)26(5,)|012 Vi-a@™la

_ o) (60 + 071y —-u))
| ‘15(50) - Vi-a0 e '

. 'We use the notation ¥ ~G.S'N 3(.”, 50 ﬂ-’: 9) to mean that Y has elllptlcal genelahzed Skew_

C normal dlstnbutlon W1th parameters u, 50, a and ®
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Remark: It is easy to see that 1f Lly = = A, which is equwalent too = 0 then we obtain

| the densxty of the multlvallate normal dlstrlbutlon ie. N {1, ®).

The elliptical -generalized skew-normal distribut_ion ‘has some properties, which are

presented in the following theorems.

- Theorém 3.4.2. The moment generating function (mgf) of Y~GS N,? (g, 8, a,0) is

¢(5o+a) _. et
o z)

My () = =m0 T 2Y T
Proof. Using ¥ = u + QzX, where X~GSN2(Ag, 0%, 4,v,%),then -

o= e’ép(_tfﬂ)M":(Q%t)'

- Since

M.cp (ﬂo + (X — y'z*)zt)

M .t = ’
| x(6) ®(5p) yo? — 24y + A'EA

. then

R 1 yobsod oy
y ( 1) exp (?'tﬂzzﬂzt) A0+(A:_yrz~1)zﬂ'2"t

Qz2t) =
T e - JoZ =22y + A2

_exp (gt ﬂzmzf) - o @ -yrhreer
(5 \/0‘2 22.,’}/4- AEA J&z — 24y + A2}
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_ SN & DIPN- S
. exp (it’ﬂzzﬂ—?t)
= @(8y + a’t) 3 (5y)

_So=

@5y + a't)

R
, | PO2EQRt
e eX T
: @(60)-

_¢(60+a:’t). y '+'t'@t'
ST ewy PR

Theorem 3.4.3. If Y~GSNZ(u, 6, @, ©), then

9(8)
Zeo

CEM=pta

Proof: Since ¥ = p + QzX, then

EA-2"y) @8y
Jo? =2y + 32260

o L
EMN=p+QEX) =p+92

., CP(SO)
BTN

‘Theorem 3.4.4. Let b be an m X 1 real vector and C is m X n matrix of rank m, where

m < n. If Y~GSN3(p, 5y, @, ®), then

b+ CY~GSNE (b + Cp, &, Car, COC).

Proof. We will find the mgf of b + CY. Since Y~GSNZ (&, 8y, @, 0), then

.37
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 Myycer(8) = exp(E' B)My(C'D),

'CO C’t) (5, + 'C't)

:_exp(t?)ex’p(tCu+. > BEIEN ,.

£COCt ;.s(ao' + _(cd)’t) B
. _'2-_ ) _ __qb(So) ' ,_

exp (t’(b +Cp) +
this leads to

b+ CY;GS'Ng(b + cu 6;,; t’é_,'cac');
In .addition to these resulls, the ell_iptical generalizéd_skew—ﬁmmm di_sti‘ibﬁti(m can -Ib'c"
charactérizéd via the one .diinensi.onal elliptip’al genell*ali'zed __skew-normai dis’tributioﬁs.
Tﬁeorﬂﬁ 345 (Cﬁaraétérization _'o.f the GSN i}isﬁ*ibﬁtiqn) E :

The vector ¥~GSNS (1, 8o, &, 0) if, and only if, a'Y~GSNS (ta 6y, @', 8,), for every a,

‘a non zero vector in R™, where 1, = a’pand ©, = a’'0a.

. Proof. We'WilI use the method of mgf. Since o

@5_}.“’0'_'." . . .
- M@= (c;(ao) exp (t"“-*itm)’_

 then

My (t) = E(exp(tq’_Y)) ;.E'(e_xp(('at);y)) - o
= Myan),
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- ®(8, + a'at) (ta’ '+ 1?2"@“)
T ey Cr\taHTprata)

If pg = a'pand O, = a'@a, then

a'Y~GSNE (1 8y, 0' @, 0,).

Conversely, suppose that a'V~GSN (1g, 6y, @' at, ©), we will shOw.that Y follows

GSNZ (s, 85, @, ©).

- Them.g.fof a’Y equal

Moy (t) = My(at).
Sefting t = 1, we get
o My(a) =My(q)

| h¢(60+a’a) ("-I.—:l ’.9)_:.
ST oGy  P\*RTZE0)

~ So, the theorem is proved.

| _ The following theorem gives the distributions of ¥; and Y71, ¥;, wh_eré
(o 1) ~GSN2 (11, 60, 0, 0).
. . . ’ ’ . .1 . .1.
‘Corollary 3.4.1. Let ¥ == (13, ..., V) ~GSN3 (1, o, @, @), where @ = Q250z, then

A G~GSNP (6o, 05,03), f=120m

39
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“where ¥; = ej¥, ;= eju, e; is the ]

sth

~ejaand gj; = e;Oe;.
il S =Y Y ~GSNE (ug, 8. a5, 05%),
" where

Y S S SN n.
.u_s—e#"z;—__q#j,ﬁ“s =e Qe = 5212‘.}-:19};, Oyj

ag = e'a and e is the n X 1 vector of one's.

where -

¥y

0" Osi) _ ( {Qe; - e’i@e) nd ( i\
gg; 0Og” e'Oe; e'0e/”

unit vector in the standard bass _:(')f Rt and o=

is the (i,j) element of ¢’ Oe, |

: i, % S)'“.“'(?S__-’*”z3 ((ﬁ;)ﬁﬂ (E;)(Zi :221))

Proof of (i): We will find the.mgf of ¥;. Using the m'gf of Yand write it as follows

. 'n ot T e 8,)0 t2 P | o+ (0, oz vy 00) | 52
M) = exp| )t +— b W/
et Taey

A\
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_Ifwe set t; =0 for every i # j, then

M (4) = exp (tj” I }2”) TN

~ hence -

- ~GSNP( 5,80, 07

| .Pfoof of (if): We will find the mgf of 5.

o Not.t_hat: S = Z?;l' Yi, which is equivalent to S= e_’Y.- So

Ms(®) = ECexpts))
- =Elexp (ZZ K) :

o &g
Since ¥i., Y; = lel’l’, then |

| Mé(t) =E (exp(te'l’)_) - My(te).', |

_ | ! +t’e’@et D8 +e'at)
=ew {1t ——)=amy

L . 'Jr'"tasz_r B(5y + ag)
il R LT R YT R

Proof of (i.i.i): If we use the mgf method, then -

MYE;S_(t) = E(exp(tlyt - tzS)),
. =F (exp(tlYf 1 tZ(Yl + Yz s '][" Yf_.l -+ Yi + Yl'i-l + “+ YTL)))’ :
vt o '.
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:E (exp((tl + tZ)YL + tZYIl + thz + ree +t2Y',_1+t2x"+1+ e "I" .tZYn))'

= My(tz, tz, vz (tl + tz), tz, - tz),_

Let t*, = (fz_» tZ! e (tl + tZ)J 1-_:2! ey tZ):- and ”*I = (1”'1!#2: '-_-uﬂn)) then ) o

U\ N _ '
: IR 7ot \ (S, + a't*)
. MYi,S(t) = exp i : + 2 . d’(ISO) ’
' ' ﬁ?t ; ' '
. . '-’ (t 6" + tié{)(’)(tée + tlef) -
= exp ((tze’ + tiei_),u 2 __ ‘ S X
@(50 + (04, %, -;-:an) (tzé + tlei)) .
' B I‘f’(éo) o J
| )\ _eg(é)é; ._eg(*})e) £y
. . n (tl tz) (e"@el 'e"@e (tz)
= exp tz‘ZH;‘"‘H.ui“‘ : 5 -

Z6N) '

- 42

www.manaraa.com



© Arabic Digital Library - Yarmouk University

3.5 Marginal and Conditional _Distribution of Elliptical GSN

~In thlS sectlon we derlve the margmal and conditional distr 1but10ns of a random vector

whlch 18 distnbuted according to elhptlcal generalized skew—normal dlstubutmn The
folIOng theorem shows that the ell1pttca1 generah?ed slcew-normal dlstrlbutlon is closed

under marginal and conditional distributions.

Theorem 3, 5. 1. Let Y~GSN 3(;1 5o, 0, @) and partltlon Y mto two subvectors Y, and Y2 -

“with dimensions m and n-— m, respectwely Also consider the followmg corrcspondmg :

partitions |
m n —m .m ' m ' - :
. : Hy m._
O = (O G)12) = and p = o
(@21 . @22 . (aZ) (I’LZ)nmm.

Then

() Yi~GSN3 (s, 8o, 0t1:013),

@) (Val¥y = y)~CSNi (i, 55", & Waa),

_ where

*

y 63 ' .__.c_ + 1112 1(ﬂ ﬂz) 50 = 50 + (“1 0«'2@22 621)11’11 Yo

T

H— —ﬂz+@z1@11y1:‘51 = 1 “1@11 ﬂf1sy1 = Y1~ Ky

Wiy = 9_11 @12955921 and ‘1’22 = @52 — 021@11 042

Prdp_i_“ o.fl '(i)._ The density function of Y is given as follows:

. 43
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o ex? (—%(}’fﬂ)’@“l(y".”)) ' 60+a’®‘1(y4ﬁ) |
 fOwyl) = — qj( m)

O N

~ To find the marginal pdf of ¥, , we integrate f(y4,¥2) with respect to y,. To thisend, = -~

fon = [ oy dve

exp ( 1 (y "’)’ _1(:)7 H—)) (60 + a;’@;"l.(y H_ ﬂ)) .'
: - : ¢ = dy,.
J ('Zﬁ)§¢(5o)1®li. y1-a'@ a ’

Using the following

Y = Y1 '—.ﬂp WP = 911 01292 921= ‘Pzz = @y — 921@11 055

&, = ay — “1@11 @ur 6o = 50 + (“1 a5, 057 E‘)21)“’11 Vi 01 = 1 “1@11 oy

and using the transformation y2 =y, - ,uz, yields

(—Leirg-14) P\~% - 0,,0 g 2% 0,,07] )
exp(__z_ylgnlyl)j.exp( 2(3’2 21 113’1) 22 (3’2 21011 1)

FO) =—% ; T x
- (2n)Ze(8,)10]2. (271') 2 |qu2|2_
8+ bW |
gb( 0 “2 3 V2 )dyz,
_\[Ui - a; W57 -
1, o — @1 0715 ) P (3, — 0,1 077 )
exp (_23’5@111371). exp( 5 (72 — 0p1 O 1) Pz (}’z P21Y1i y1) N
= _ 1] i '
'(275)%@(50)1911,5- L _.(ZH)T]q'zzlz
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A |
'{)-“g +o—2q,221(l)’2 01071 J’1 + 021@11 3’1) .
101
e = - dJ’z:
S 2w-14Y2 o
Ji-ghest s

_.exp.(m%jfi@ﬁijfi) exp( 2(3’2 @21@113’1)“1,2 0’2 921®I11j’1))x |

n—nt

- . m -1 _ _ !
_(2“)_791"(50”@_11[2 | | | (275) 2 |qu2]2

{85 +_"P221(yz 9219113’1) o
. ¢ dj’z_

1_ —1“2
: _ ‘51 22 04

where
o . 6’* dr
8y = —2 'Pz 1@21911 J’1
G1 0Oy
| Thus =

' exp( 1371(311 5’1) X
: - (2m)z ¢(50)|911|2

| S N - |
exp (_'"2"371@1113’1) 8 d |
= o P p. —+— p 1P22 @219113’1 ,
(2m)Z P(6,)]0442 v N
N A P PR
exp| =5 (s — 1) 0 (1 — 1)
= = ~ X
' (ZK)2¢(60)|®11|2

¢(5b ((“1 “2@2 @21)11'11 J’1) a
att

. [6) 1

1Pz ; @21@11 Jﬁ):
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exp ('_" ";12 (_)’1 ﬂi)!@nl (y1 — ﬂl))

- (.50 + (et -

 Note that

(__922 @21‘171 1)’

Since

(00, Y =

th_en

Hence

__(zw)m(ao)(@nlf

«

' (a1 l’12(‘3521 921)‘1'111 + “zq'z_zl@n@n = “1‘1'11

(_ﬂfz_q’zzlgzi 911
= a’i(‘[’i

“2 (1p2 9219

“5%%621)‘{’{11 + “2‘*’521@21911)(3’1 Mﬂ)_

\F “1@11 [44] .

= - 1021 @11, (since @1 is Symmetrié), implies that

“'20221 @21‘Pf11 +.
“1 QE E)1211'.221 0, @1 )
~ 010,976, @11) +

- @Ez_l 0, Wi

11"2“_21@21 @i’il_and 9111 912‘1’2 1921911 = 911:

(“1 “2922 921)‘*'11 + “zli’z 16‘321@11 = ;07

- f@’ﬂ_“_-

| exp( 71~ 1) 011 (7q ”‘ﬂi))qj (50 + a1® Hys — ﬂ1))_

(2m) 0 (85,1032

\/1 oy 071 ay

Proof of ii, The pdf of ¥,|¥V; = v, is derived as follow&_ Since
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 f2lye) «-

[ iy <exp (— 5 2 = B 3g (2 — u"‘)) ¢ |2

SR i |
o @14 5 (92 — 02,071 5,) W5 (57, — 9240
exp( ylelliyl) exp( 2(_y2 02101131) ¥z (3’?- 21 113’1))

'f(yl)yZ)"_ ] . B l ] _ . 1 . X
- @mze(6p0niz . - - |q'22|_2
5 a
B—‘O‘ '6-_ 27 yz
' H_E_ Q- ’
0' 22 0-1
then -

. 1 \ o . * ) - ¢ o

'.[q‘rzz(_f' - B JI—M— 3 & )
To do more simplification, let

._.ll'* :M:z + @21@1_11.3'71:

then .

V2 — 010515, =y, — ",
So

Sa .
4 + —11’2213;2

o
o
1~-—-’~I"‘1 :
J . 0q %2 o/

47

www.manaraa.com



© Arabic Digital Library - Yarmouk University

ocexp(—z_(y u)"l’z (yz ))x

2~ 1+ 1)

TP
- 0 +""‘Pz ()’z
@ = ’
| J1 _& 2‘21 &
' - 8" + lI’22 i)
- ocexp(——(yz 7% % (J’z ) N
where-
s ; @' N
= e e P =
5 ;. + ot B — )
So
Vi .._.. £ . . .F . . |
_ _ exp ( (ZVz YW, (v~ )) So" —“‘P‘z—z1 2 — )
f@alyd = a-m 1 *1 -1 . &
. — = ¥ _ ¥ w1t
(Zﬂ) 2 |‘Pzz|2fp_(5o) Jl 01.11’22 o1

48
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Chapter Four |

Generahzed Skew Gaussnan Process

' In this chapter, we discuss the theory of the Gen_eralized Skew-Gau_ssian'Pmcess (GSGP).

Here we define the generalized multivariate skew-normal random process or field as a

generalization -to the multivariate Gaussi;:in random process. Moreover, we define the

: concépt of third order stationary GSGP. Mbnéover we Will show that ﬂie GSGP admits a

'best lmear unblased predwtor BLUP and we cleuve that BLUP and its conﬁdence'

prediction usmg the ordmary Kriging method

h Dei’ini_tion 5. A random process Y(©),teD CR", is said to be a (GSGP) if for every n

and tl, by € D, the vec':tOr: (}’(tl), - I’_(ifn))f has ah n édimensional GSN distribution.

Deflmtmn 6 A GSGP is weak statlonary of 1he third orde1 if for evely n —ﬁmte '

dlmensmnal d1str1but10n of the GSGP sausﬁes the followmg assumptlons
by =ru1n,_ u &R
ii. The elel'ﬁgnts of X and Q are functions of ¢; — sy, for all | t;,8; € D.

iii. A = A1,, and y = y1,,, for sonﬁc__ A,'y'é R, i.e. skewness is fixed in each direction.

g 49
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. 4.1 | Ordinary kriging for GSNRP
- In this section, we assume that for a random process_'Y(t),.t €D, ¥, ..., Y(tn))’ has a
~ GSN distribution fo_r_an'y' choice of 7 and ty, ...ty € D, Our objective is to show that Y(t)

“admits a best linear unbiased predictor BLUP if the _samp'ling points are chosen on a

regular polygon. Also we derive the variance and a prediction interval for this predictor.

~ To this end, the following preliminary definitions _aﬁd theorems are neededi

Deﬁhiﬁon 7. (Schoﬁ, | 1997} An nxn matrix A is said to bea circulant matrix i_f each'.row__

of A can be obtained from the previous row by a circular rotation of its elements. We -

denote a circulant matrix A by A = circ(ay, @y, ..., 0,). One special circulant matrix

isH,; = cire(0,1,0,..,0).

It is easy to show that the vector of one's, ie., 1, is an eigenvector of e_ﬁ/'ely circulant

matrix of dimension n. (See Schott, 1997)
_Theo_rem 4.1.1. (Schott, 1997) The n'x' n matrix € is circulant matfi}{ if aind only if

Q = I,011,.

Note that Q = _I;L implies that TTf, = 11;%. .

We'prov'e the follo\ﬁing Iemni_a which will be used later..

Lemma 4.1.1. If Q is a circulant matrix, then Qz is a circulant matrix.
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‘Proof. Since @ is positive definite matrix, then there exist an orthogonal matrix P such

that P'QP =D= diag(d, wrdy),d; >0,V where dl, ..., dy are the eigenv_ailues Of :

Q. Also since @ is circulant matrix, then

Q=101

“ using the two facts that I]';'2 = [17'and P’ = P11 then

PDP~! = [, PDP [T,

 Taking the square root of both sides, we get

1 | 1
(PDP 1)z = (HnPDP_IH{;)Z
. 1
PDzP~ = ((Hn‘P)D(HnP)_l)Z,
_1 - .
PD2P1 = (I, P)DZ(1,P)~%.
Using the fact that I, = {I;%, we get |
S N .
02 =11, PDZP~ 111,
L
= I1,PDZP~ 11,
= Hngzn;‘:-.

This completes the p'roof of the 16_mn‘1a; 3

1n this thesis, we consider only iSotrOpié generalized skew-Gaussian process, i.e., for every
- n ~finite dimensional distribution, the elements of % and Q are functions of e —s [[

for all £, s; € D. Moreover, we assume that the elements of £ and © are given in terms

of isotropic covariance functions K, and Ky, i.e. -

Y
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2= (), man (Kz(llf*tlD)

1;1 1}1

In definition 2, "statio'nary" is repIaced by isotropic xf the elem_ents of X 'an’d Q arc

.functions of ||ti - .5‘_,-”,. far all t;,s; € D |

_The followmg Theorem guarantees the ex1stenee of a BLUP under a certam eondluon

Theorem 4.1.2. Let Y(t) be a Wcak third order ISOtloplC (GSGP) tl, t and tg are

‘chosen in D such that they are the vertlces of a regular polygon of n+ 1 31des Let -

Y= (Y(ti)- Y(tn)) be the observed values of Y(t) at tl, s tn. Then the process. Y(t)

admits a BLUP for Y(t) using tl_le data _Y._ '

: Proof Let Zand Q- be the matmees conespondmg to the vector (Y(to) Y’)' )
_ Thenzlwrl = C1n+1 and Q1,44 —h 1n+1, wherec and h* are,- 1espect1vely,' the -

'c_orrespondmg eigen values of '  and Q. Using Theorem (3.3.5), we find that .

(Y(to)) 1 @(8) QZL(A1,11 —E 7 'ydyyy)
Y e @(d) Jaz_ — 2}lfy_ + A%

@(8,) 9-2 (/-Lzln+1 Y1ns1) B
P(0) o -2y + AL’

= H1n+1

106 (e—7)

1 +sz 1.,
Au n+1i @(60)\/0'2 2&*"}[—[-/1’21 n+1

= nuln_+1 + QZC 1_n+1'!

. where
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. @) (e-p)
®(80) Jor =2y + A'Ed

. 1 o . o
By Lemma (4.1.1), 2 is circulant matrix. Hence'_ '

Y t ¥ F | ** .
( ( 0)) ﬂ1n+1 +h 1nl-1 =C 1n+1: :

where

**=ﬂ+h**h*ER

 following Cressie (1993),

Bty =7Y,

where

= 1(J’c+m)

- Usmg Theorem (3.3.3), we ﬁnd that
k= Kyt — tlu) hz Kiz(”to - t,,n) Ll — 1) —hZ K7 (Mt

- and

-1 (E-hE
T E - R,

So. |

. &3

www.manaraa.com

‘This means that there ex1sts a BLUP of Y(to) To sunplnfy the calculatlon when fi ndmg
' the ordmary kugmg pred1ct0r P(Y ty), we assume that Q —*l If is the an .

3 _covar1ance matrix of ¥ whose elements Ki; —Kl(”t t;") andm mln, then |
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'. ﬁ(y; to) =' ((>: —'hE?)‘l(k + min))'l". |

“The variance of the predictor is given as follows R

(- hEz)‘lk 1)2
1,(Z ~ hzz) 1.1n

i =W (z hzz)*lk

A 100(1 )% predxctmn mterval for Y(to) can be obtamed as follows We neecl to fi nd

‘the dlStllbutIOI‘l of 'Y — Y(to) Since

- (.*’(,f°))~65~5+-1mn'ﬂ, B 20, 0% My Vs ),
then

() G311tz B, 00,

~ where

(s~ E e -
o = (AL44 Y).n+1-. and @ =3

JO’Z_ = 20 g Ly + PP Ly

8o, 'Y = Y¥(t,) can be written as follows

Y~V (k) = Y.,
where

.- . ) (_ . - . - .(Y(;O__))_. |

. 54
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- Using Theorem (3.4..4),' it follows that

W’Y*NGSNE (O: 50; wa, @w), : | .. _. |

where ©,, = W'OW' and a,, = w'a. .Assuming"qa denotes the 100(1 — ) 'quéintilé of |

GSNE(0, 80, ¢y, ,,), then a (1— @)% prediction interval of Y(£,) can be found as

follows

P(Ql_%ﬁﬁ'Y4Y(tq)S.q%):_1_—0; |

i Solving the above inequality, with'respect_'to Y(t,), we get

- P(ﬁ’y~qg < Y(to)s_ﬁ'y—qlﬁ) —1-a
. 3 _ ") S

‘Hence a 100(1_~.~ @)% prediction i_ntcrval of Y(t,) is

L (ﬁ’}’ —qg ﬁ'Y “‘ Qi_g)

55
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| '_4.'2, Convolution of Gene__ral_ize_d Skew Gaussian Distr_ibtktion’_with Multivariate

- | Normal Distfibution

In this section, we will show that the generalized skew normal distributi'qn' is closed under

" convolution with the multivariate normal distribution. The results of this section will be

~used in chapter five to generalize the Gaussian process for regression.

Theorem 4.2.1 Let X~G.S'N§(_0,E-,il0, 1,44,0, I;l) and €~Np(0,7°1y), where 7> 0, If

Y =X+ ¢ then Y~GSN2(0,% + 721, 43,1, 44,0, 1,.), where

1

ol T o\t
’{,=)10/J1+1’12: 2(2:“1+§ln) %72, -

and

=1

RN — N —
= A TS+ P,) 7/ J1+;t;z‘i(z—1+;§1n) s W

~ Proof. Let Z~GSN2(0, 1,,1,29,4,,0,1,), i.c., Z has the pdf

exp (— -Z;z’z)_cb(ilo + A1 z).

1
Qa)zd(Ao/1+ Ai2y)

flo)=

. _' i 1 _ : ) '.1 S B
If X = X2Z, then Z = X7zX and the Jacobian is |J] = [Z|"z. Then

. Cexpl—5x'E7x
C f) = xp__(n.zf )rp(aougz%x);
mEEEes) -

ie.
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When the integration is taken over R™, we get

70 = [ 1019 £de

.
(Z?T)zmz‘p(ﬁo)

J exp (—z(y 6)’2‘1(y — €) %%E’E) X

1 1 \
- ol (AO'-!— ATy - E)) de,
(23‘1‘)-2-'{'“ : "

e

-

_QP()LU—J&E“E(E—y)) de,

Letw = Ae, where A be such that AZ =yt —E—’t—lz L,. The Jacobi_a.n of this transformation }

| 18 _.
L
. : - ~Z
1= 1A = |2+ =,
Therefore.
exp\—5¥yE ') (01, o
= xp( T )fexp(—i(w’w—ZW'A‘lz"ly))x

(Zﬂ)“lzlz¢(5o)'f "

R T
@ (/10 CAETEA W A’Z‘.'Ey)' |
— dw.

]21+ 1]

To simplify the calCﬁlati_on, letq = A_‘lz‘.-‘l y. Then' - S
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Nil—‘l

- 1 ea o B
| o exp _.__yz y _ 1 ; L o , .
SO = —— ( ) fexp(*g(ww-m q+q.q-qq)).><-

(21r)"¢(60)'r”]2|2 |z 1 +—1 |

1 :
® (Ao b ATy — a;z‘iA—lw) dw,

exp (—%’y'z._ll.? + : é’EI) f

N

exp (—-—((W g (w— q)))
(2n)m;b(60)rn|z]z |z +—-In]2__ -

@ (/1 + AT Iy — AT A~ AETIA (W — q)) dw

o -.._ _ : " ™ . .
exp(-—%y’(z_‘le}:_'l(}: 1+§In). z 1)}?)
= — — T bt X
: (2n)ﬂ¢>(50)|2+121n|_2 -

e (—%(tweq)*(w ~0))x

BEEET Yy | o, 1 \Z - |
P AU+A;2“_§(I?1—-(E‘_1+§IH) Z‘,l)y—}liz 2_(2_1”*";}*:_'3‘_1?1) _(w_H q) |dw,

" _ e (*—:V (E 1L, y)

@EP(E)IE + w21, 2

f e%p (——((w | q)’l“l(w q)))

. . 1 . 1 2_% .
& A + A EI(E +72L,) Ny — ALE 2(2‘1+T—21n) 2w q) |dw,

g
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_fr(y) =

Let& -*—A’ _”(2:"1 -«—I) . Then

exp (-— 2— (%4 1°L)" y)

(211:)”@(50)12 -+ rzlnl?-

f exp(——((w Q' 1(w q)))

K (ﬂm + AZZ(E A+ L)y + AN w - q)) dw

e'xp.( 5y (E+72L)” y)

Ao +A’>:i(z:-+r21n)—1y

) (Zﬁ)“(ﬁ(ﬁo)lz + TZInIZ

'xp( Ly@s ey y)

n
(27)2,

) 1 1
Ag + Aizf(z + 725, 2(2 + v2L,) 2y

(27?)2@(60)12 + 720, ;z

Finally, we get N

exp.(——y "(Z + 'rzln) y)

~1 . 1

Y -1 - 1

) = 5

QERHIE + L2

where

(A* TRE+ 'czln) Zy)

-~

3 -: /’{0/‘/1 +)L12h2 (Eﬁl =4 ;‘i‘]n) g 211,

o TR
= AT LY |1 AEE (3 e S0 2T
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- and

So we have

Y~GSNZ(0,% + 721,45, 1,41,0,1,,).

~To completé the proof, we show that 6; = 8- Since

Ao

311 +i’121

. * .
Oy =

- then

B R VR
o/ T+ z_(z-1+;5—2~1n) E7ik

8=

1 1 L1 o . __1 1 —1 1 -~
J1+,1;zz(z+r21n)-1zzal/1+,1;z z(z-i "'?2‘") x774,

Ao

r. = 1 -1 1 . 1 ) 2 - i :
JUFAEZ(E 45 ,) B2 AT 4 L)57A,

" To complete, we use the matrix identity

- N 1o\
(E.+ I?In)—i_: ) >t Pl (z-f_l _;__T_z]n). | E.'_*.*]., |
we simplify &g to
-

L L ) L
132(8 + 721,) 1224, = AL%2 [z-i — 5t (2-1 + T—zln) _r.*?} 70
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Hence

R VAR IR N
= Md - B (E 5L T

Th_us

| ~1

-t 4, g FE
2, + ALAy — A3 z(z~1+r-—21n) %734, = ALA,.

o Ar 1o
AEE(zeg)
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" Chapter Five

Generalization of Skew Gaussian _Process for Regression |

In this chapter, we give two generahzatlons to the Gaussian process for regrcss:on Thc '

first one comes from assummg a GSGP on the output function f(x), wh1lc a Gaussian

process is assumed on the noise. The second comes from assuming a GP on the out_put

) f(x)anda GSGP on the noise,

5.1  Generalized Skew Gaussian Process for Regression (GSGPR)

In this section, we generalize the GPR to the generalized skew Gaussian process regression |

(GSGPR) by assurhing a 'gcneralizcd skcw Gaus'sian' process prior on 'th'c output _
ﬁ)nctlon f (x) In tltus gener ahzat1on the mput functxon f (x) w111 vary over thc class of all-

samplc path functlcns cf a GSGP Wthh contains the class of all sample path functlcns ofa

GP.

'To generalize the GPR into GSGPR, we. start by considering the following regression -

model

¥j :_f(xj) + e(x;), j= 12,51 N | (51) |

“where £(x) is assumed to have a GSGP, i.e., for every sct of inputs x, ,xn, the vector

f = (f(x1), o, f(x))" has the distribution GSNG (0.05205 4, 6% Ay Vs %), where

Q= (K1 (xL x;))i;}_;1 and E: ..(K_z (Jci, xj))i,jzl Kl and K, are ccyari.ar_}cc @cticns_ and |

62 S
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€= (e(x'i), .'..,e(xn))’w (0, ‘czln) independént'of i As a Speéial Casé, we may

assume that ﬂ = In, 1.e. Ki(xl, J,) 61 j» where é‘ the Iﬁoneker ﬁmctlon defi ned as o

It can be noted that the Gaussian process regression model is a special case of the model

() whenly=0,A=0,y = 0,67 =1,0 =1, ad X =1,

5.2  Prediction at fixed input

In this section, we used the GSGP for predicting the dutput function at a fixed inptit.and .

“deriving the predicting'dis'tribﬁtion, along with it is mean and Varial1(:e. |

Let X" be a fixed input vector in the domam of x. We are 1nterested in pred1ct1ng the value

of f(x) at x*. Letf*=f(x )and S= {(xl,yl) (xn, yn)} be the obse_rved data_

accordmg to the model (5. 1) Since f (x) follows a GSGP then

f(@cl)_ - -
(L) =1 sy |~65M2a(0.520,0% M Vi B
£ | .

and
.371' : |
=( )If ~Nn(f Tzln)

BAVA
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3 v = Vi “_‘- V12V52%V21'_-

' 'where'

o (% E PN e e Y g
L= (z;i | 222):211_: (Kz(xi’xj))s,j;;’ Ly = (Kz_(xpx- ) --_-,'Kz(x@x )) , 221? 2:1? |

and Xy, = K, (2%, x%).

To obtain the predictive distribution of f * given x* and y, we need the following theorem.

Theorem_. 5.2.1 Consider the"modé_l V; = Fx)+e(x), x; €D,i=12,..,n, where

F(x) and e(x) are the same as in (5.1). Moreover, assume that f (%) satisfies the weak =

stationarity of the third Ord_er conditions with ¥ = O, u=0ando? =1. If y =

(}’1; ---)J’n);xj ED and .

V= (vn | V12)_ | (Kl(xi'xj))i,fil" | (I:{l(x"xj))jzi
- Vie Vo) (Kl(‘x*'xj))f . kG
. o j=L o

’

-_-then '
Y ~GSNZ {0,V + Py, AT ,L3%,0,1,,,)
where
A .. A .oy
At = , At = , o L= n; ,
o JAve T Jfixg ™ -(0 0) -
- DY AN SRS R b A |
. Q o 2’21;1_}-1‘{ 2( . n ~( n . ~) .-_1 . V_Eln.;_j_; and
o —vw, V{1, + 2V o) 0
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o I_’ro'of: We will use the mgf. Since fx) js' a GSGI_’R., then

(ff f )INGSNQ_]_I(H V Ao, 1 ?Lln+1 ,0 171—]—1): . .

and y=f+ E,'_ where €= (e(_xl), ...,e(x'n))’. This implies _'

My g (t,5) = £ (exp(t'y + sf 9
=B (T O+,

-:z'E(e_Xp (t'f + Sf__* +t'e)), -

= My (£, )M,
since
_ . 1
M(t)_exp(z 2"t t)
~and
- |
- ‘”‘P( & SJV(S)). (a0 421, vz (%)
Mees(t,5) =— b
ek (_ )_ - @(8) N\ V1I+2n+1)
- then
1.: )L-. '+”)¢1'. 'v%(.t-) .
= 0 n+1 71 t
M, o (E,5)= o] S7. (— ! Vv zt t)
-'y"_f( _S_) ¢(60)   _\/14__12(?1_]_1)- e.xp_ 2 t_ s) ()
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L : 16\ : ' o
1 (At vi()) 1 VR

. Notethat

t

o e 1 L 1 SOTRR ¢ :
ho + ALy V2 (1) = 2 + AL VAV + 00 ) 2(V + 21 )2 (0),

. . : 1 )
= /10 + j.’ (V+ Tzin_];l)i (;),

- where

. 1 PR S
3_’=.31;1+1V§(V_+'T2]n+1) 2

Hence

R N SO
My (8,5) "0, (p(ﬁ FPGAD 1+ R@ D ¥+ 2 (3)> 8

N .
exp (’*2* & s) (V + Tzlnfl_) ( S))
and -
. RS S
A= )”1;1+1V§(V + T21n+1) _ZJL(V + TzIn+1) 2V2lpyy,
) . i . v _ 1 '.
=215, V2(V + ) 1V§1n+1;
=B V2 (g + PV ) VL

66 .
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- (Iﬁ+1 szV%linfi)_-l_z_ (

- To complete the proof, let

I .+T2V‘1i _'_,_ ln+I2(V11—V12V521V21)~} 0\
- .?'1+1 _— _?1+j._. _TZnglvzl(vll __Vlz.vé.zlvzl)__.l. 1 .

To simplify the notation, let V.=V, — Vi VitV and wy, = Vi3V, then

I, + T2V 0)

o1 TV = o .
| ‘*‘T. n+i _(“Tzwvv_hl 3

SO
(1, + V1) o) -
w73, 2V 1)

(e

?w, V11, + 1:2\7‘1_)_1 1

o ( () 0)
=-]71+1_ I ’

—w, V1(1, + TZV’l)_l 0

So

L, = (I, + tzf"“l)*i | 0) 1

AA= P+ 1) - 121,V T o V2l
o B VR T M A N 0 e

- Therefore, '

'-  _67
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1+ R+ D =1+03+0,

- where

1 1, —( +12V1) 0\ 1 °
Q = X154 V2 " (n o ~) , )V 2144
AT VI, VYY) 0 -
- Now
1 A/ TFO+ 1 ,/1+ :
My (8, 5) = P o/ / (V+T21n+1)2( ) X

‘1"( 0)

Jl +A/J1+QA/J1+Q

If we set it = 7{/\/1 +Q, andA§ =2y /14 Q,then

| 1 ar A o Ay
M, . (E,5) = P V + t21,,41)2 X
M = 5y («ll+i+"i+( " ("") |

exp (‘i‘ (f_'. sHV + T_zinﬁ) (z)),

50, we get . -

.

'gy,f»(;v,f*)e — — (A++}t+ (V+«:21n+1)z(}2’))>&

(2«rc)““q>(50)|v + 'czln+1 |

68 .
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| - exp (_%(}7' fa) v +.T2.in.+;,)f-1 (}21))‘ .

that is

) (y,: f*)INGSNT$+1(O ’ V + Tzi‘r.l—i_;ii '/1+ :1! ﬁ'+ F O; In-l.fl)- .' o

Lemma. 5.2.1 Consider the arguments in previous theorem. Then

(i)- The conditional distribution of f* given ¥ = y, X" = x* is
. (f* Iy’ x*)NGSNJ_Z (u*! 6’;1 2-0*: 1; )L*J 0!1):
where

w, = (Vyy + L)y, 6 = R— ' (Vg +T21) 7, dow = Agp + 0 2w,

._./1'00 : /13 -+ (ii - CR_lu')(Vll + Tzln‘— uR'—lu’)_ly, -

3 S | . _ . .
‘;{i = (C — 11"1 (Vil + Tzln)fﬂlu) (R - ‘u’(Vll +.T.2_In)_1u)_§,

- and ,13"-—- Ao/+/ 1+ Q.

- (ii). The expectétion and the variar_ice of f* given Y =y, X * = reSpectively are -

| E(f |Y y,X* = x*) = gg;g (02/1 /1/1 + AE),

~and

L Var(FlY =y,X =x)=8501-h),
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 where

he ( 9(8) )2 | 50@(50) ;[2
| @(60)«/14-){2 fib(ﬁo)(lﬂz)

Proof df (i):-To _ﬁn_d_ the co_nditional_ diStribution of. f *givenY = y;X * = x*, consider the

g following pﬁrtitions o

V + T2In+1 = (VH ZT b :) ;_ﬁ'-}! = (ﬁ.i ),

where

+ gy f | - 1
A7 =2 (V4?42

~ Also 'consid_'er_ the following notation

v, = Vi + Ty, & =R~ u'(Vyy + L) andu, = u'(Vy; +721,) "1y,

Then.

O P () =YY+ - u S ),

=Yy (F~w)E

~and

T T - : 21 . T | ~ 1 | - B
"_1+_(V + 1?Ip41) 2 (}Z*) = ATV v L 2V + T21n+1)*j_‘ (;1),

- =A+’(V +rzin+1)~1 (}’) :
B
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=Gy O+l (1)
.I = (j,i - CR_iur)'(le + Tzln.."'- uR".iu’)_ly +

(= B L) )R (Vg + L))

To simplify the calculation, let

43.60 _ 2-3 + (jf]_ “CR_lu’)(Vii + .chn . 'ILR“_Iu’._)"lyJ |
| . 3 ' : ' N
K = (e Ty 1) )Ry )

. =R~ uf (.Vl'l + T_Zln)_lu, and U, : u'(Vn + Tzln)ﬂly. ._ .

* More simplification leads to

e < o (=507 0 w2 @ (oo + 257E),

' 1N | R I :
X exp (ffE&“l(f* — u*)z) P ()100 + A6 2u, + A672(f - u,,))

Let /1_0* = /100 + A;&‘Eu*, then _

 Gpripa < exp ("56 O _u*)z) ? (Ao* + METZ(f— u"‘))"

Thus

(f:ts Iy; x*)NGSle (u*, 6, ;’1‘0*, 1,&,;'.; 0’1)-- - o _.
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Remark: if A=0 and y=0  ie (f,f)~GSNZ, (1,5 4,02%0,0,5),

P'roof of (ii). To find the éxpectati_on of f ’?‘giVen Y =y,X" = x", we use Theorem (3.3.3).

- Hence .

_ * e e (0(60) L. . _'
E(f.jY—y_,X fx')__u_"‘+¢(60)(021"‘/‘-/1+’1§)f .

If we use the second pért of Theorem (3.3.3), then |

Var(f*|Y = y,X* = x*) = 6‘(1 —h).. |

then (f', f*)'~ -~ (u, %.). Using the last substitution, then

u, = @ (Vog + )7, dgo = A5, AT =Ag, A =0 and & = R—u'(Vyy + ) "M

* Hence

(F19.X" = x) ~Ny (w,, ).

.SOI_."

()~ GSN, (! (Vg +721,) 7y, R — (Vg +120) ),

i.e., the Gaussian process is a special case of the generalized skew 'Gau_s_Sian process. .

| -
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53 Parameter Estimation
' The parameters 2,1, ,4, can be estimated using' maximum likelihood method, i.e., by

" maximizing the function L(A3, T A) where L denotes the likelihood of Y~ GS N2, (0,2 + |

121, A5, 1, 1,0, L,). To illustrate this method, we consider_ th_e mcdel

Y=Xte

where, X~GSN2(0, %, Ao, 1, 1,1, 0, 1,,) and e~Ny (0, 721L,), where 7 > 0. Using Theorem

©(42.1), then Y~GSNZ,1(0,% + v21,, A3, 1,23,0,1,), where

SRS W SO o S
E:AU/ 1+/111-:12 2(2_1"[";3171) z 23‘11?’1

- and

..-.11

i | | 1 o
/’1’1 = 111’ zz(z +. rzln)“ /Jl + 4, 1,% (E -1 +~—-I ) 27201,

To estimate the parameter A3, 72and A,, we may maximize the function L with respect to

the parameters Ag, 7%and Ay, where

.- exp( y’(E—i-'ern) y) (

Ly, 2,7 1) = A+ (>:+-c21 ) zy)
_ (2n)2®(60)|}3+r21n|2 T - _

~If the covariance function depends on SOme parameters we need to add these parafneters
o L(y, Ao,rz Al) Smce no closed forms are avallable for the maximum hkehhood

- cst1mat01s then mtenswe statls’ucal computatxcns are requu ed to cbtam the values of these |

73
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 estimators. In this thesis, we will not be interested in this computation problem. So, we

leave it to our future works that concerning the applications of our theory to real data.

54  Gaussian Process with Generalized Skew Gaussian Error
In this section, we give another generalization to the GPR by keeping the input fiunction
varies over the class of all sample path functions of a GP, while we a_sSume that the error -

process e(x) follows a .GSGP_-. In this céSe, the data are assumed to have a GSG

 distribution. Under this setup, we wish to predict f(x) atx*.

._ N Theorem 5.4.1. Consider the rodel -_

Y(x) = £+ e(x), N o G2

* where for all n and x4, ..., X € D, f = (F(X)y wer f (X)) ~Npp(0,X) and

€_='(e(x1), ...,e(xn))'&GSNE(O,TZIn,AD, 1,24,0,1,),7 > 0, then

_ o . A - . 1. 1 ._ . " . .
Y = (Y (x1), .., Y () ) ~GSNE (0, ZZ2(Z+ THL)ETZ, 40, 1, 44,0, In)’

" where

Ao = Ao/ Jl + S MERCE A L),

' ahd

74
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T 1:1.—2 ok, 1'}-1-—.2 | 133 |
_111.:;;[122('5 2+, 2/ 1.'"1___23122(7_2_4‘111). 22;_{1--.

_ o o
Proof. Multiply the model (5.2) by Z“E,_ then

1 11
LZY =Y 2f + %26

. 1 1 ! o
LetV = E72Y, f(x) = Z72f and é = L7 2¢, then we have -

Y=f+é

It is easy to show that f~N,(0,1,) and é~GSNZ(0,27'72,15,1,41,0,1,). So using

Theorem (4.2.1), then

V~GSNZ(0,%7%72 + I, 45, 1,744, 0,1,),

 where

'.2,0 = /10/\/1 + ?2-'1322(‘1"‘2_2 e In)__122111 )

. and

ar 113 —2. = : 1:'12 1 .
A5 = ;1'1122(1'- X+ In) 2 / 1+ %_21122(1_". Z-+ In)_lzz‘_a"l'

To Compl_ete the proof, we will find the distribution of Z2Y. Since

T
| Mz%rr@ =M (Ezt)’.

75
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S5 &P (E t'Ez(r?5 +-1n)_-1>:§z) @ (Ao + A (Z2E7h ¢ rzln)fzft)- |
®80) IR - | o a

So the result follows.

 Letx* be a fixed input vector in the domain of x. We _are inte_restéd in predicting the 'Value'

of f (i) at x*. L.et. f* = f_(xf')_ and S = {(xl, yi), vy (X, Yr)} e obéeﬁed data according-'_ |

~ to the model (5.2). Since f(x) follows a GGP, then

(' f)INNn+1(_0.!.V).' s

To obtain the predictive distribution of f* given x* and y, we need the following }em_m'a,.'. -

 Lemma 5.4.1. Consider the model y; = f(x;) + e(x;), x; €D,i =1,...,n, where

Cfx) and E(x)'aré thé same in (5.2). Morebvér) assuméslthat €(x) satisfies the W_eak third :

order stationary conditions. If x* € D and -

'. Vi Viz).
V=( ! )

theq- '_
(yr If*)!;““GSN?%+_1(O!V +.Tzin'+1: "{Oirl#’:tll:o: In-!;l)- :

Proof. Using the mgf, then

My (2,5) = E (exp(t'y +sf *_)) |

=M M),
76
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i 1 t ?La+f111n Tzln)zt | : 1. r.2 .
cp(au)exp( S)V()) (J1+A (n+1) ) xp(zt _I_’?t) |

B S R & IS BTN ¢
= expl=(¢ sIV+721,,) )CD - |,
- P80 p(z'_( S (5 VT 2m+D)

1 1 ey [t ()
—exp|=@ s)(V+73 )‘D o A
q’(ao) p( (_- 2 --nfl)'(S) J1+2n+1)
Let
A=tk OV + 177,
the.n
cr(be 90+ ) frvs s st
g VA t --?”‘1) (s Ao + A1 (V+ 7%144)2 (5)
M, ~(t,5) = _ _ —
| v, (€ 5) | . B(5y) [t BmrD
Now

e A,
Aadyy =72 (aly 0)(v+r21n+1) (M),

B +rI v 11
=7¢(A; 15 0)( 11 12) (o,

- To simplify the calculations, let :

@ = =(Vyy + T20,) Vi, (Vi = Vip (Vag + 121,)1V) ™
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- and

L= (sz_ = Viz(Viq + Tz]rﬁ)__lviz)__lr. |

then

. _
111311 =T (111" 0) ((Vu + 77 L, Vlzvz V12) L) (llln) ,

a’ 0

L.et'
'_Qi =V — V12V2 sz -
| Th_eﬁ'
_ ;1.1/111 = T2IA§1;1(Q1 +’.le.:1.)._1_1.::1;' -
R
= B ~ T2, + G,
Let_ |
Q=2 _+'.r1‘2»1%i;1[r“21n +Q1 7',
‘then -

/1_%(?1 + 1) :./1;_13..1.1 +'Q2. '

) - . s : .. ) ) L 3' . . A’ - . . ’ . ..- . . .
Todo more simplifications, let Ay ='ﬁ, /1;1 1::? and t = (t’ s). Then
S I _'
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. 1 i ) .M . i B 1'
- exp (—g f’(V.'+_r21n+1)f) Aoz + A5 (V + 72,4070
Myp(68) =45y ..

Whicﬁhimplies

(yf f*)rNGSN?%.{_l(O,V + Tzin,{;l,_ 101! 1, j‘il' 0, In+1).. .

| Theo_r"em._ 5.4.2. Assume - that, the result in Theorem (5.4.1) is satisfied, then under the

following péirtitions

e 2 N
| V"""learz+1:(Vll ift fn :) and Ay; = (4 D).

The conditional distribution of f* given ¥ and x* is

. _ (‘f*.]yJ x*)NGSN-é+1(ﬂ, (.:_)-, 60, 1, g, 0,1)J

where

=V +TPL) Ty, 6 = R—u/(Viy + L) M, & = $oo + §G6 2,

S00 = Aor + (4, — IR7*W)(Vyy + 7L, —uRu) 7y,

and § = (1 — 25(Viy + L) )R — W' (Vi + T0) 7h) 2

Proof. To proof this theorem, we follow the same approach in the proof of Thcorcm.

| (5.3.1).

- The expccfation_ and the variance of f* given y and x”, respectively, are
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o[ o
SE\ Jis )

| E(f*IYéy.X*" x*) = u+

Vel =y,8" = ) = 6(1- )

~where

_ ( ©{8p) ) n 50(9(50) fz N
\\o@)y1+&2/ ¢ +§H )7

55  Prediction at Random Input

In thls seotxon we use the sumple Monte—Carlo approach to appr0x1mate the predlcuon

distr 1but10n of f (x Jata 1andom input x*.

- If ;_\:*éj_vﬁ 7 Ex;), then the predictive .distribution is .obtaintf:d by integrating over the

" input distribution, i.e,

| _IP."(f lux Ex*,i) =  f | P(f}"l.xﬁy)lll’(x*')dx*;_ |
where P(f*.[.x’."',' ¥) is the pdflof_._ . |
Fly, x*')':mcswlz (ul,., 3, Ao 1, A, o,i)_,
Noté that the mean and variénée of (f * 157, x*), réSpectively, arel
zg;;( 3 /m) I &1~ h) ) :
' .80. . SR

www.manaraa.com



© Arabic Digital Library - Yarmouk University

Since, P(f* |2, ) is compli_cated as a function of x*, then the above ihtegral is intractable.

- To. apprbximate this integl‘al, one may use the simple Moh_te-Cal_‘lo approach; i.e.

. T .
' P(f*hux"i ) = ?Z‘P(}le*try)’ '
' t=1 o

where x**,x*Z, ...,x*T are independent observations from P(x*).

5.6  Simulation of GSGP

" In this section, We_. présimt two. algo_rithms_' to simulate random observations from.' a.
. generalized skew-Ghussian distribution. Also these two algorithms can be employed to )
. simulate a sample path of a GSGP. |

~ Algorithm 1. This algorithm e.mp'loys the. definition of GSND to generate 'rén_doin

- observations from GSND. The steps of fhis_ algorithm are given as follows: .

1. Generate an obser\?zition; _say (X4, ,..,X,;L,Xn+1)’ = (X', X 1) from Ny (1, A), where

¢ and A are the mean and the covariance matrix respectively.

2. T84+ XX 2 Xy, then deliver X fom GSN2(Ag, 0% 4y, 5).

3. If 2+ 2'X < Xpaq, gotostep 1

- Algorithm 2. In this algorithm, we apply the accept-reject method presented in Rubinstein

o (1981) 1o thé.pdf of f(x). _The acc_:ept—rejéct method_aséumc that f (x) qén be written as
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flx) = cg(OR(), where ¢ 2. 1L,0<gx) <1 and h(x)is a. pdf. Hence, we need to

rewrite F(x) in the accept-reject form. Note that

() = ch(x)g (1),

- where

: | N =1 - _ N L L ./10 + (}-, "‘yrsﬂl)x
h : (#(83) _. D = onli (_)'E) o g'(x_)_ ) ('p_ ( «/crz 47'}:*1)’ )

. __Note that ¢ = 1, since 0 < <D(60) <1, h(x) is also pdfandO < g(x) < 1. So we glve the: .
followmg algonthm :
AR Generate U ﬁ'om U{o,1).
2 -Generate Y from the pdf h(y)
3. HU< g, dehver Y as the variate gcnerated from f(x).

4. Go to step 1.

- To s1mulate a sample path fmm a GSGP X (t) te D we' SImulate a generahzed skew-

normal dlstrlbutlon on._a grld of D, i.e, if {tl, n} represent a grid of D, then we 31mulate

(X (tl.),_...',X (t_n))’: from GSN;(. lo,crz,ﬂ,y, Z), where u,ﬂ,y and % are g;ven as in

| chapter five, |

© .82
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- Chapter Six
| Con.cl.usions_and Fuature Work

In this thesis, we have 'extended_ the skew—noi*mal di'stribution of Amold and Beaver

(2002). AIS.O, we_.have studied its properties such as, moment generating function, closure -

under marginal and conditibning. The concept of skewness for the random process was

' en_t'ered_ and was used to generalize the Gaussian process to the' generalized-skew Gaussian

process. We have shown that the new distribution is air_nenable_to extend the two prediction. -

- problems: the ord'inary kriging.and the Gaussia_n proc'ess for reg’re_ssion.'_More_over,' we

gave two algorithms to simulate the generaliz_ed skew Gaussian distribution.

| Seve1a1 future Works can be estabhshed concermng predmuon and the GSN dlstmbutlons

For example pred:ctmn of a vector of values of - f (x) , e, (f (x3), - f (xm)) and |
predlctlon of the. exculsion set of Y(t) in-a domam D', ie., the set {t € D" Y(t) >y},
where y is a given threshold Also several geometnc charactel istics of the excursion set '
could be studled for predlctmn Moreover, the GSGPR can be used as a famﬂy of

processes, mdexed by the skewness parameters, to study the robusmess- of the GPR anti -

~ departure from Gaussianity. The prediction problem when x* is random has not been
'a_ﬂ:eeked in details in this thesis, since it needs further working on -approximatieﬁ theory

| speeiﬁcall_y edgeworth and saddle point approximations. So we leave it to future research.

The main computational problem in GPR is the inversion of the matfiu{ (K +72L) which

~ has the complexity 0(n®). 'The_ idea of Nyet_riim approximation could be used to reduce the

.83
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- rank of K (Williarﬁ and Seeger, 2000). Other methods to treat this problem are gi\}en i_n.'

-(S'mol_a. and Schiilkopf, 2004; Fowlkes et 'al.; 2001).- We believe that similar future

researches could be of cent_rail interest but under GSIG'PR-."
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Appendix A

| Ann X n matrix P is’orthogonal matrix if P'P = I,.

The sets of vectdfé X1, X5, ... X, are linearly inclependeﬁt if and only if
io; X; =0, then a; = 0, forl'evcry il= L2,..,n

A'_matrix Apxn 18 said to be a positive semi definite matrix if ¥’ Ax > 0,V x € R® |

~ and is said to be a positive definite matrix if *'Ax > 0,V x € R™, x 5 0.

‘The vector of one's, 1e,; 1, is an eigenvector for every circulant matrix of
n g

dimensionn. -

If A is n X n symmetric matrix, then there exist an orthogonal matrix P, such that
P'AP = PYAP = diag(ly, .., ,)),
where A% are the n eigen-values of A, and the column of P is the eigenvector

corresponding to A5,

A matrix A is positive definite symmetric if and only if, ali eigen—Values are

positive.
If A is a positive definite symmetric matrix, then there exist a matrix B, called the

1

- square toot of A such that A = B'B. Here, we may use AZ instead of B,

If A,'B and A+ Barealln xn nox_ish1gul;§1r matrices, then

(A + B)—l : A~T (A—-l + B—l)—1A~1_ _
Suppose that A is m X n-and the positive integers mq, My, Ny, Ny are such that
M=y + my andn = 7y + nz. Then we can write A as a partitioned matrix in

- 89 _ .
www.manaraa.com



© Arabic Digital Library - Yarmouk University

the form

m1 mz m
A= (An A12) ,
Az A 7y

where Ay ismy Xy, Ay, is My X Ny, Agg 1S My X 1y and Ay, 15 my X n,.

10.  Let Am X m matrix, and suppose that we partition the matrix A as in (10),

with 7, = my, n, = m,. Also suppase that A, A1, and A, arc non-singular

matrices, then

A1 = (An Au)
Ay Ay
where
An = (A4 —AAZ AL )Y, Ay = "AIIIAIZ(AZZ — A ATAL) Y,

Ay = ~A33A51 (A — AzA77A,) Y and A,, = (Az; — Ay{ATIA )Y

11.  If Ais apositive definite, then
XA = x) ATix + (xp ~ A2 ATIX,) By (X, — AjyAflxy),
where By, = (A;; — Ay A7A )L

2. IfX={(x,..,x,), then

6_(6)“ _(a 0\,
X~ \dx; B axl’"”EZ)'

i=1

13, Iff(x) = x'a, then
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14.

15.

af (x)
dx

=a.

I£f(x) = x'Ax and A is a symmetric matrix, then

af (x)

or = 2Ax.
of® _ (3 )Y
dx \ ox )
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